Abstract. Given a metrically complete Riemannian manifold (M, g) with smooth boundary ∂M = ∅ and assuming that one of its curvatures is subject to a certain bound, we address the problem of whether it is possibile to realize (M, g) as a domain inside a geodesically complete Riemannian manifold (M ,ḡ) without boundary, by preserving the same curvature bounds. In this direction we provide three kind of results: (1) a general existence theorem showing that it is always possible to obtain a geodesically complete Riemannian extension without curvature constraints; (2) various topological obstructions to the existence of a complete Riemannian extension with prescribed sectional and Ricci curvature bounds; (3) some existence results of complete Riemannian extensions with sectional and Ricci curvature bounds, mostly in the presence of a convexity condition on the boundary.
Introduction Let (M, g) be a given Riemannian manifold with smooth (possibly noncompact) boundary ∂M = ∅. This means that the Riemannian metric g is a smooth, positive definite symmetric tensor up to the boundary points. Assume that (M, g) is subject to some constraint on one of its Riemannian invariants, such as a curvature (or a volume growth) bound. The general problem we are interested in consists in understanding when, and to what extent, the original manifold M can be prolonged past its boundary in order to obtain a new smooth Riemannian manifold (M ′ , g ′ ), this time without boundary, such that one of the invariants alluded to above is kept controlled. Clearly, the most interesting situation occurs when the extended metric can be taken to be geodesically complete. In this case we can speak of (M ′ , g ′ ) as a complete Riemannian extension of (M, g) with controlled Riemannian invariants. First insights into the possibility of constructing a complete prolongation were given by S. Alexander and R. Bishop in [AB] . Actually, this paper is mostly focused on the prolongation of open manifolds without boundary, but it contains useful information also in the boundary case. The existence of a smooth extension, via gluing techniques, of compact manifolds with a strict Ricci curvature lower bound and a convexity condition on the boundary follows from work by G. Perelman, [Pe, Wa] . See Section 5 below. Extensions of compact manifolds with non-negative scalar curvature up to the mean convex boundary are contained in [Re] . The extended metric is just C 2 but this is (abundantly) enough to get interesting rigidity results based on the positive mass theorem. Very recently, [AMW] , a gluing technique in the spirit of [Pe] has been applied to prove that the space of metrics with non-negative Ricci curvature and convex boundary on the Euclidean three ball is path connected. In a somewhat different direction, gluing methods have been also employed by J. Wong, [Wo] in order to obtain isometric extensions with totally geodesic boundary and a metriccurvature lower bound in the sense of Alexandrov. This has applications to Gromov-Hausdorff precompactness results and volume growth estimates.
In view of the well known relations between the topology of a complete Riemannian manifold and the bounds on its curvatures, or its volume growth, we are naturally led to guess that some topological obstruction appears somewhere in the extension process. In this direction, it is important to verify whether some of these obstructions are encoded in the original piece with boundary and this requires, first, a phenomenological investigation over concrete examples. For instance, a complete extension with non-negative Ricci curvature should be forbidden in general. In this respect note that the topology of a compact manifold with convex boundary and positive Ricci curvature cannot be too much wide and this is compatible with the positive results we have mentioned above; see Part 2. Topological obstructions should also appear at the level of upper sectional curvature bounds. Think for instance to the Cartan-Hadamard theorem, valid in the setting of geodesic metric spaces. The possibility of extending a complete simply connected manifold with boundary and negative curvature K < 0 to a complete manifold with sectional curvature controlled by K + ǫ was addressed by S. Alexander, D. Berg and R. Bishop, [ABB2, p. 705] , during their investigations on isoperimetric properties under the assumption that the boundary has negative curvature on its concave sections. We are grateful to S. Alexander for pointing out this reference. In sharp contrast, in view of J. Lohkamp insights, [Lo1] , it is expected that an upper Ricci curvature bound imposes no restrictions at all.
This very brief and informal discussion serves to outline a major project concerning the systematic investigation around the Riemannian extension problem.
Definition 0.1. Let (M, g) be a smooth m-dimensional Riemannian manifold with possibly nonempty boundary. A Riemannian extension of (M, g) is any smooth m-dimensional Riemannian manifold (M ′ , g ′ ) with possibly non-empty boundary such that M is isometrically embedded in M ′ .
Roughly speaking, this project could be articulated in the following problems that represent (some of) the basic steps towards a suitable understanding of the subject.
Problem 1 (completeness). Let (M, g) be a metrically complete Riemannian manifold with smooth boundary ∂M = ∅. Does there exist a geodesically complete Riemannian extension (M ′ , g ′ ) of M with ∂M ′ = ∅?
Problem 2 (curvature constraints). Let Curv denote either of the curvatures Sect, Ric or Scal and let C ∈ R. Let (M, g) be a smooth mdimensional, (non-nencessarily complete) Riemannian manifold with smooth boundary ∂M = ∅ satisfying Curv g < C (resp. ≤ C, > C or ≥ C). Does there exist a complete, m-dimensional Riemannian extension (M ′ , g ′ ) with ∂M ′ = ∅ and such that the same curvature constraint holds?
In the present paper we start the investigation along the lines of both these problems by presenting positive answer and obstruction results. More precisely:
-In Part 1, we give a complete answer to Problem 1 by showing that every complete Riemannian manifold with boundary can be extended to a geodesically complete Riemannian manifold without boundary by means of a very general gluing procedure.
In Part 2 and Part 3 we attack Problem 2 by providing both topological obstructions and existence theorems under various curvature bounds. More precisely: -In Part 2 we provide topological obstructions to the existence of complete extensions satisfying Ric ≥ C and Sect ≤ 0. The former are based onŠvarc-Milnor and harmonic mappings arguments whereas the latter are obtained using both homological and homotopical methods. -Part 3 is devoted to the existence of complete extensions with Ric < C, without any assumption on the boundary, the existence of complete extensions with Sect < C 2 when the boundary is compact, and, in case of a compact convex boundary, existence of complete extensions under the conditions Ric > 0, Scal > 0 and Sect < 0.
Part 1. Existence of complete Riemannian extensions
The main result of the present part of the paper states that a complete Riemannian extension can be always obtained with an amazing flexibility on the diffeomorphic class of the added piece. This is the content of the following very general theorem.
Theorem A. Let (M, g M ) be an m-dimensional connected Riemannian manifold with smooth boundary ∂M = ∅. Let Q be any smooth m-dimensional differentiable manifold whose nonempty boundary ∂Q is diffeomorphic to ∂M . Then, there exists a Riemannian extension (N, g N ) of (M, g M ) such that N \ M is diffeomorphic to the interior of Q. Moreover, if (M, g M ) is complete, then the extension (N, g N ) can be constructed to be complete.
In particular, by choosing Q = M in the previous statement, with the trivial identification of the boundaries, we get Corollary B. Let (M, g M ) be a smooth complete, m-dimensional Riemannian manifold with smooth nonempty boundary ∂M . Then, there exists a geodesically complete Riemannian extension (N, g N ) of (M, g M ) with ∂N = ∅.
These results are then applied in several directions. First, we observe that a given compact Riemannian manifold with boundary subject to strict curvature bounds can be extended to a possibly incomplete Riemannian manifold with the same curvature constraints (regardless of any restriction on the geometry of the boundary); see Corollary 2.1. Next, we prove a density result a la Meyers-Serrin concerning first order Sobolev spaces on complete manifolds with boundary; see Corollary 2.3. Finally, as a direct consequence of Nash theorem, we observe that a complete Riemannian manifold with boundary has a proper isometric embedding into a Euclidean space; see Corollary 2.5.
The general gluing-deformation construction
In this section we prove Theorem A. The manifolds M and Q are glued along the diffeomorphic boundaries and, using this ambient space, the original metric of M is readily extended. At this point, the complete Riemannian extension is obtained via a careful conformal deformation. The proof that the deformed metric is actually complete relies on metric-space arguments.
1.1. Preliminaries on metric spaces. Given a metric space (X, d), a continuous path γ :
where the supremum is taken with respect to all the finite partitions t 0 = a < t 1 < · · · < t n = b of the interval [a, b] . In this case, the number L d (γ) is the metric-length of γ and it is invariant by reparametrizations of the curve. On the metric space (X, d) it is defined a length-distance given by
the infimum being taken with respect to all rectifiable paths (if any) connecting x to y. Observe that Lipschitz paths are trivially rectifiable and, conversely, every rectifiable path can be reparametrized to a constant speed, hence Lipschitz, path [BBI, Proposition 2.5.9] . The metric space (
Let (M, g M ) be a smooth Riemannian manifold with (possibly empty) boundary ∂M . Its intrinsic distance, which is defined as the infimum of the Riemannian lengths of piecewise C 1 paths connecting two given points, is denoted by
is a length metric space. The Riemannian manifold (M, g M ) is said to be complete if (M, d (M,g M ) ) is a complete metric space. Since M is locally compact, the length-metric version of the Hopf-Rinow theorem, [BBI, Theorem 2.5 .28] and Theorem 1.2 below, implies that the metric completeness of M is equivalent to the Heine-Borel property which, in turn, is equivalent to the fact that a geodesic path γ : [a, b) → M extends continuously to the endpoint b. Here, by a geodesic, we mean a locally minimizing Lipschitz path. It is well known that it is C 1 regular, [AA, ABB1] .
A further notion of completeness that turns out to be very useful in applications involves the length of divergent paths. This characterization will be used to show that the glued manifold constructed in the next section is complete.
Definition 1.1. Let (X, d) be a metric space (e.g. a Riemannian manifold with possibily non-empty boundary with its intrinsic metric). A continuous path γ : [a, b) → X is said to be a divergent path if, for every compact set K ⊂ M , there exists a ≤ T < b such that γ(t) ∈ K for every T ≤ t < b. The metric space (X, d) is called "divergent paths complete" (or complete with respect to divergent paths) if every locally Lipschitz divergent path γ : [0, 1) → X has infinite length where, clearly,
It is well known that for a manifold without boundary, the notions of metric (hence geodesic) completeness and of divergent paths completeness are equivalent. Let us point out that a similar equivalence holds more generally on a locally compact length space hence, in particular, for manifolds with smooth boundaries. Namely, we have the following Theorem 1.2 (Hopf-Rinow). Let (X, d) be a locally compact length space. The following assertions are equivalent.
(1) (X, d) is metrically complete, i.e. it is complete as a metric space.
(2) (X, d) satisfies the Heine-Borel property, i.e. every closed metric ball in X is compact. Proof. It is proven in [BBI] that (1) ⇔ (2) ⇔ (3). Moreover, (4) ⇒ (3) trivially. We prove that (2) ⇒ (5). For n ∈ N, consider the compact sets B X n (γ(0)). Since γ is divergent, there exists a sequence
Since n can be arbitrarily large, γ has infinite length. To conclude, we prove that (5) ⇒ (4). Let γ : [0, a) → X be a Lipschitz rectifiable path. Since γ is defined on [0, a) and is Lipschitz, it has finite length. Then it can not be divergent. Namely, there exists a compact set K ⊂ X and a sequence {t n } ∞ n=1 ⊂ (0, a) such that t n → a as n → ∞ and γ(t n ) ∈ K for all n. By compactness of K, up to passing to a subsequence, γ(t n ) → x as n → ∞ for some limit point x ∈ K. Set γ(a) = x. We are going to show that γ : [0, a] → X is continuous. Fix ǫ > 0. Take N ∈ N large enough such that d(γ(t n ), x) < ǫ/2 for all n ≥ N and t N > a − ǫ 2Cγ , where C γ is the Lipschitz constant of γ. Then for all t ∈ (t N , a),
We shall need to consider metric properties of curves into a manifold with boundary with respect to both the original metric and to the extended one. To this end, the following Lemma will be crucial. Lemma 1.3. Let (N, g N ) be a Riemannian extension of the manifold with boundary (M, g M ) and let γ :
The speed v γ of γ, in the sense of [BBI] , is the same when computed with respect to
Proof. We preliminarily observe that
(a) It is enough to consider the Lipschitz property because, as we have already recalled, every rectifiable path has a Lipschitz (constant speed) reparametrization.
We assume that γ is d (N,g N ) -Lipschitz and we prove that γ is d (M,g M ) -Lipschitz, the other implication being trivial from the above observation. We shall show that, for every t 0 ∈ [0, 1], there exists a closed interval I 0 ⊂ [0, 1] containing t 0 in its interior such that γ| I 0 is d (M,g M ) -Lipschitz. We suppose that γ(t 0 ) ∈ ∂M , the other case being easier. Let ϕ 0 : U 0 → B 1 be a local coordinate charts of N centered at γ(t 0 ) and such that ϕ 0 (U 0 ∩ M ) = B + 1 , the upper-half unit ball. Let V 0 = ϕ −1 0 (B 1/2 ) and choose I 0 such that
(b) Using a partition of [0, 1] by sufficiently small subintervals we can apply [AA, Lemma 1 and Lemma 3] .
(c) This follows from (b) and [BBI, Corollary 2.7 .5].
1.2. The proof of Theorem A. Let g Q be any Riemannian metric on Q and let η : ∂M → ∂Q be a selected diffeomorphism. Let us consider the smooth gluing N := M ∪ η Q whose differentiable structure is obtained in a standard way using collar neighborhoods of the manifolds involved. More precisely, N is the topological manifold without boundary obtained from M ∪ Q identifying points x and η(x) for every x ∈ ∂M . With a slight abuse of notation, here and on we consider M and Q as subsets of N such that M ∩ Q = ∂M , and we identify objects on M and Q with their images on N via the inclusions M ֒→ N and Q ֒→ N . (−1, 1) . The differentiable structure on N is obtained by imposing that the homeomorphism p is a smooth diffeomorphism and that the inclusions j M : ∂M ֒→ N and j Q : ∂Q ֒→ N are smooth embeddings.
The proof of Theorem A is now achieved in three steps that we formulate as the following Lemmas of independent interest. Lemma C. Keeping the above notation, there exists a Riemannian metric g on N such thatg = g M on M , i.e., (N,g) is a Riemannian extension of (M, g M ). Moreover, for every ǫ > 0, there exists a tubular neighborhood
(a) P := M ∪ X Q ⊂ N is a manifold with smooth boundary.
In what follows, the value of ǫ is irrelevant. Therefore, we will always assume that ǫ = 1.
Lemma D. Let (M, g M ) and (P, g P =g| P ) be as above. If (M, g M ) is complete then so is (P, g P ).
Lemma E. Let (M, g M ) be an m-dimensional Riemannian manifold with non-empty boundary. Let (P, g P ) be a complete Riemannian extension of M with non-empty boundary. Let (N,g) be a Riemannian extension of (P, g P ), hence of (M, g M ). Then, there exists a Riemannian metric g N on N such that (N, g N ) is still a Riemannian extension of (M, g M ) and it is complete.
The rest of the section is entirely devoted to the proofs of these results.
Proof of Lemma C. We proceed by steps.
Step 1. First, we construct a local extension of g M beyond ∂M in N . Consider on the cylinder ∂M ×(−1, 1) a locally finite family of coordinate charts
, where B 1 denotes the unit ball in the Euclidean space R m . Let S be the space of symmetric m × m matrices and set
In particular, L 0 = B − 1 , the lower-half unit ball. Fix β ∈ B. The metric g M on p −1 (V β ) ∩ M is represented in local coordinates by a smooth section s β : L 0 → S, such that s β (x) is positive definite for all x ∈ L 0 . Extend smoothly s β to a sections β : B 1 → S. By continuity we can find a t β ∈ (0, 1] such thats β is positive definite for all x ∈ L t β . Definẽ
Repeating the construction for all β ∈ B we have obtained a family of local Riemannian metricsg β defined onṼ β for all β ∈ B, such thatg β = g M onṼ β ∩ M . Moreover ∪ β∈BṼβ ⊃ ∂M × {0}.
Step 2. Next, we extend smoothly g M to a global metricg on N . The collection of sets {intM, intQ,Ṽ β : β ∈ B} gives a locally finite covering of N . Let {η M , η Q , η β : β ∈ B} be a subordinated partition of unity. Theñ
is a positive definite smooth Riemannian metric on N . Moreover, for all
Step 3. Finally, we show how to construct the neighborhood X Q and the Lipschitz projection ρ.
For all x ∈ ∂M , let ν(x) be the outward normal vector to ∂M at the point x. The exponential map exp ⊥ (x, s) := exp x (sν(x)) is well defined for any s small enough (depending on x), i.e. for s ∈ [−s 0 (x), s 0 (x)] where we can assume that s 0 : ∂M → (0, ∞) is smooth. Set
It is not difficult to see that dρ (exp ⊥ (x, s)) → 1 as s → 0 for every x ∈ ∂M , therefore we can choose the function s 0 so small, depending on ǫ, that ∂X Q is smooth and dρ ≤ 1 + ǫ on P . This latter bound implies that ρ is a (1 + ǫ)-Lipschitz map. This amounts to show that, given a piecewise
To this aim, we note that ρ is locally Lipschitz in P . The only delicate points are those in the bi-collar neighborhood X M ∪X Q . But, in this set, ρ is locally Lipschitz with respect to the product metric inherited from ∂M × [−1, 1] and local Lipschitzianity does not depend on the ground metric. Now, the image ρ • γ : [0, a] → M is locally Lipschitz and its length satisfies
where v ρ•γ denotes the speed of the curve in the sense of [BBI] . In view of (c) of Lemma 1.3, since
on the open and full measure subset of [0, a]:
then, by integration, we deduce the validity (1).
Proof of Lemma D. First, we claim that given a locally Lipschitz, divergent
Proof of Lemma E. Consider an exhaustion of N , i.e. a sequence {N j } ∞ j=0 of compact manifolds with smooth boundary such that N j ⋐ N j+1 ⊂ N for all j ≥ 0 and ∪ ∞ j=0 N j = N . In the following, we use the convention N j = ∅ whenever j < 0. Call:
• N j,a any connected component of (
• ∂ PNj,a =N j,a ∩ ∂P . We have the following Lemma 1.4. There exists a smooth Riemannian metric g N on N such that (N, g N ) is a Riemannian extension of (M, g M ) and, for all j ∈ N, a ∈ A j and b ∈ B j , the following hold:
(a) Let x, y ∈ N j,a with x ∈ ∂N j and y ∈ ∂N j+1 . If
Proof. For the ease of notation, given a subset C of (N,g) we shall denote byd C the length metric on C induced by (N,g), namely,
where the infimum is taken over the Lipschitz path in C (if any) connecting c 1 with c 2 .
For any j ∈ N and a ∈ A j , define
, where the infimum is taken over all the x, y ∈ N j,a such that x ∈ ∂N j and y ∈ ∂N j+1 . Since ∂N j+1 ∩ (N \ intP ) and ∂N j ∩ (N \ intP ) are compact and disjoint, q j,a 1 > 0. For any j ∈ N and b ∈ B j , define
where the infimum is taken over all the x = y belonging to ∂ PNj,b . We claim that q
Since x k , y k are in a compact subset of P then the denominator
Therefore, by compactness of ∂ PNj,b , and up to passing to subsequences, we can assume that {x k }, {y k } converge to a same point z ∈ ∂ PNj,b with respect to the d (N,g) metric. Since P is a manifold with smooth boundary,
We define the smooth Riemannian metric g N on N as
Note that g N is well defined, since the sum is locally finite. Moreover the conformal factor is everywhere greater or equal to 1, and it is greater or equal to (q j,a 1 ) −2 on N j,a and to (q j,b
2 ) −2 onN j,b . So the metric g N satisfies the claim of the lemma.
To conclude the proof of Lemma E, we have to show that the metric g N of N obtained in Lemma 1.4 is (divergent paths) complete. To this end, we take a locally Lipschitz divergent path γ : [0, 1) → N and we distinguish three different cases:
First case. The path γ is definitely contained in N \ P . Without loss of generality we can assume that the entire path γ is contained in N \P . Using item (a) of Lemma 1.4 we easily deduce that L g N (γ) = +∞.
Second case. The path γ is definitely contained in intP . As above, we can assume that γ is entirely in P . Then, by assumption,
Third case. There exists a sequence of times t k → 1 − such that γ(t 2k ) ∈ N \ P and γ(t 2k+1 ) ∈ intP for all k. By contradiction, let us assume that L g N (γ) < +∞. Then, up to starting from T close enough to 1 we can assume that ℓ := L g N (γ) < 1 and that γ(0) ∈ P . We consider the natural reparametrization of γ and we assume that γ : [0, ℓ) → N has unit speed; [BBI, Proposition 2.5.9] .
Consider the disjoint union
Then, by item (a) of Lemma 1.4, for each λ there exist j λ ∈ N and
Hence there exists a Lipschitz curve σ λ : [α λ , β λ ] → P with the same end-
We now construct a new path σ : [0, ℓ) → P by setting
From (2), item (b) of Lemma 1.3, and the fact that, by construction, lengths with respect tog are smaller than lenghts with respect to g N , we deduce that for all n ∈ N,
By the semi-continuity of Lg we get that σ is d (N,g) -rectifiable, and
Namely, for any fixed S ∈ (0, ℓ) and for any finite partition 0
Finally we show that σ is divergent in (P, g P ). This fact, together with (3) will contradict the divergent paths completeness of (P, g P ), thus concluding the proof of Lemma E. To this purpose, fix a compact C ⊂ P and let j be large enough so
If T is empty, there is nothing to prove. Otherwise note that, for every
which is well defined by compactness, and strictly positive since
Accordingly, we have that
Some applications
According to Theorem A, a Riemannian manifold with smooth boundary can be always realized as a smooth, closed domain of a Riemannian manifold without boundary. Moreover, the ambient manifold can be chosen to be geodesically complete if the original manifold with boundary was metrically complete (hence a closed domain). This viewpoint on manifolds with boundary has two main consequences: on the one hand, open relations concerning Riemannian quantities of local nature extend trivially past the boundary of the manifold. On the other hand, by restriction, one can easily inherit basic results and constructions from complete manifolds without boundary. We shall provide examples of both these instances.
2.1. Local extensions with curvature constraints. Let (M, g M ) be a Riemannian manifold with boundary ∂M = ∅ satisfying a strict curvature condition like Curv M > C or Curv M < C for some constant C ∈ R. Here, Curv denotes either the sectional, the Ricci or the scalar curvature of the manifold at hand.
Consider any Riemannian extension (
Assume now that ∂M is compact. We say that ∂M is strictly convex (resp. strictly concave) if, with respect to the outward pointing Gauss map ν, the eigenvalues λ 1 , · · · , λ m−1 of the shape operator S(X) = − N D X ν satisfy λ j < 0 (resp. > 0). We choose 0 < δ ≪ 1 in such a way that the normal exponential map N exp ⊥ : ∂M × (−δ, δ) → V defines e diffeomorphism onto its image and we can consider the corresponding family of (diffeomorphic) parallel hypersurfaces
Let S t denote the shape operator of (∂M ) t . It is known that its eigenvalues λ 1 (t), · · · , λ m−1 (t) evolve (for a.e. t) according to the Riccati equation
where E j (t) ∈ T (∂M ) t is the eigenvector of S t corresponding to λ j (t); see e.g. [Gra] . From this equation, under curvature restrictions and using comparison arguments, one could obtain sign conclusions on suitable intervals. Anyway, regardless of any curvature assumption, if
(resp. > 0), by continuity we find 0 < ǫ < δ such that
(resp. > 0). Clearly, similar considerations hold for the mean curvature function. Thus, by takingN :
, we have proved the following result.
Corollary 2.1. Let (M, g M ) be a Riemannian manifold with boundary ∂M = ∅ and satisfying Curv M > C (resp. Curv M < C). Then, there exists a Riemannian extension (N , gN ) of M such that CurvN > C (resp. CurvN < C). Moreover, assume that ∂M is compact. If ∂M is either strictly (mean) convex or strictly (mean) concave, thenN can be chosen so to have a boundary ∂N with the same property.
Remark 2.2. The situation is significantly more difficult if either we replace the strict inequalities with their weak counterparts or if we insist that the extended manifold is complete. In these cases, smooth extensions are not allowed in general. Results and examples along the second mentioned direction will be presented in Part 2 and Part 3 of the paper.
Sobolev spaces.
In the geometric analysis on manifolds with boundary, the theory of (first order) Sobolev spaces, and the corresponding density results, are vital to carry out PDE's constructions typical of the setting of manifolds without boundary. By way of example, we can mention the truncation method in order to obtain sub(super) solutions of Neumann problems for the Laplace operator and its applications to potential theory; see [IPS] . In this respect, the Euclidean arguments work almost verbatim once we consider the manifold with boundary as a domain inside an ambient manifold without boundary. We are going to illustrate quickly this viewpoint by recovering a classical density resultá la Meyers-Serrin; see e.g. [IPS, Appendix A] .
Let (M, g M ) be a (possibly non-compact and incomplete) Riemannian manifold with boundary ∂M = ∅. Since intM is a smooth manifold without boundary we can define, as usual, the space
where ∇u is the distributional gradient of u, endowed with the norm
Suppose now that (M, g M ) is complete and let (N, g N ) be a geodesically complete Riemannian extension without boundary. Fix a locally finite, relatively compact, smooth atlas
is a smooth chart of M . Without loss of generality, we can as-
We consider a partition of unity {χ k } subordinated to the covering {V k } and, given a function u ∈ W 1,p (intM ), we decompose it as u = k u k with u k = u · χ k . Now, for any fixed ε > 0, applying in local coordinates the standard approximation procedure, e.g. [Le, Theorem 10 .29], we find
Thus, the locally finite sum v = k v k is a function in C ∞ (N ) and gives an ε-approximation of u in the space W 1,2 (intM ). This implies the partial result:
Finally, we have to approximate v| M in W 1,p (intM ) with the restriction to M of a function in C ∞ c (N ). To this end take your favorite smooth function
It can be obtained by regularizing the distance function by convolution methods; [GW] . Moreover, choose ψ : R → [0, 1] to be any smooth function such that ψ(t) = 1 if t ≤ 1 and ψ(t) = 0 if t ≤ 2, and define the sequence
It is then obvious, by dominated convergence, that the sequence
We have thus obtained the stronger density result: Corollary 2.3. Let (M, g M ) be a complete Riemannian manifold with (possibly empty) boundary ∂M . Then
As a side product, observe that by taking ρ M = ρ N | M we also obtain the existence of a smooth, globally Lipschitz, exhaustion function on any complete manifold with boundary.
Lemma 2.4. Let (M, g M ) be a complete Riemannian manifold with boundary ∂M = ∅. Then, there exists a smooth function
The proof of this fact is not completely obvious if we use the pure viewpoint of manifolds with boundary. The mollification procedure used to regularize a given Lipschitz function (e.g. the intrinsic distance function) requires some care.
2.3. Proper Nash embedding. The classical formulation of the Nash embedding theorem states that any Riemannian manifold (N, g N ) can be isometrically embedded in some Euclidean space R ℓ , where ℓ = ℓ(dim N ). In the "survey" part of the paper [GR] it is claimed that the embedding can be chosen to be proper if N is geodesically complete and, moreover, that the Nash embedding holds also for manifolds with boundary. An elementary, but clever, proof of the first claim can be found in [Mü] . Here, we point out that the second claim can be trivially deduced from the first one, by restricting to the manifold with boundary a proper isometric embedding of a complete Riemannian extension. Alternatively, we can adapt the direct argument in [Mü] to the case of non-trivial boundary.
Corollary 2.5. Let (M, g M ) be a complete Riemannian manifold with boundary ∂M = ∅. Then, there exists a proper isometric embedding of M into some Euclidean space R ℓ where ℓ = ℓ(dim M ).
Proof. We preliminarly observe that any Riemannian manifold with boundary has an isometric embeddings into some Euclidean space R n . This follows by applying the usual Nash embedding to a Riemannian extension. Now, let ̺ : M → R >0 be the exhaustion function of Lemma 2.4. Up to a dilation we can assume that ∇̺ ∞ ≤ 1/2. Define on M the new Riemannian metricg = g − d̺ ⊗ d̺. Then, there exists an isometric embedding j : (M,g) ֒→ R n , for some n. It follows that i = (j, ̺) : (M, g) ֒→ R n+1 is a proper isometric embedding, as desired.
Part 2. Nonexistence of complete extensions under curvature conditions
This part is devoted to a phenomenological investigation concerning possibile obstructions to the existence of complete Riemannian extensions with controlled curvature. We shall explore techniques of different nature that are sensitive of the topology of the original piece with boundary and that can be used to construct counterexamples to the extension problem. In this direction it is appropriate to start with the simple observation that, unlike the boundaryless case, compact manifolds with boundary always support Riemannian metrics whose sectional curvature has a prescribed sign. Lemma 2.6 (Gromov). Let M be a smooth, m ≥ 2-dimensional manifold with boundary ∂M = ∅. Then, there exists a Riemannian metric g + on M such that Sect g + > 0 and a Riemannian metric g − satisfying Sect g − < 0.
Proof. Using Theorem A, we enlarge M past its boundary so to obtain an open Riemannian manifold N containing M as an isometric domain. Next, we apply to N the classical existence theorem by Gromov, [Gro] , and we restrict the corresponding Riemannian metric to M .
A crucial point is that, with respect to the prescribed Riemannian metric, the boundary could have a wild submanifold geometry. For instance, a convexity condition would immediately force a control on the topology. In all that follows we will make use of the following convention:
Definition 2.7. Let (M, g) be an m-dimensional Riemannian manifold with boundary ∂M = ∅ and outward pointing unit normal ν. The second fundamental form of ∂M is the symmetric bilinear form on T ∂M given by II(X, Y ) = g(−D X ν, Y ) and ∂M is said to be (strictly) convex if the eigenvalues of II are (strictly) negative. This condition is written as II ≤ 0 (resp. < 0), the inequality being understood in the sense of quadratic forms.
A result by D. Gromoll, later extended in [Wa] , states that a compact manifold with strictly convex boundary and strictly positive sectional curvature is diffeomorphic to a Euclidean ball, hence it is contractible. In the Ricci curvature setting, we remark the following fact, see [RS] , that can be compared with the results of Section 3 and Section 5.
Proposition 2.8. Let (M, g) be a compact, m ≥ 2-dimensional Riemannian manifold with boundary ∂M = ∅ and satisfying Ric g ≥ 0 on M . If either (a) II ≤ 0 on ∂M and Ric g > 0 at some x 0 ∈ intM , or (b) II < 0 on ∂M then, the first singular homology group H 1 (M, Z) is torsion. In particular, the fundamental group
Proof. There is an Hodge-de Rham theory for manifolds with boundary, [Co] , according to which each de Rham cohomology class of intM is represented by a harmonic form with Neumann conditions. This follows from an energy minimization procedure in the homology class without boundary restrictions. In particular, given [ω] ∈ H 1 dR (intM ), there exists a 1-form ξ ∈ [ω] such that ∆ H ξ = 0 and ξ(ν) = 0, where ∆ H denotes the Hodge Laplacian. By assuming that the boundary is (weakly) convex II ≤ 0, an extension of the Reilly formula to differential forms, [RS] , shows that ξ is parallel. In fact, in case (b), necessarily ξ = 0. The same conclusion holds also in case (a) by using Bochner formula. Thus, by de Rham isomorphism, the first real Betti number of intM vanishes. Since M has the same homotopy type of intM , the same holds for M and the conclusion follows from the universal coefficient theorem and by recalling that the first singular homology group is the Abelianization of the fundamental group.
The previous discussion leads to the following, a-posteriori obvious, conclusions: i) if we are mainly interested in producing counterexamples to the existence of complete extensions with curvature controls on the base of the topology of the original piece with boundary, it is natural to forget the submanifold geometry of the boundary in order to have much more flexibility. ii) if we are interested in developing an existence theory involving the topology of the manifold with boundary, the submanifold geometry of the boundary must be taken under consideration and should play a decisive role.
3. Nonexistence of complete extensions with Ric ≥ C Topological obstructions to the existence of complete metrics with Ricci curvature lower bounds are naturally related to the growth of the fundamental group of the space. Classical tools to detect these obstructions with a nonnegative lower bound are represented by theŠvarc-Milnor(-Anderson) theory combined with the Bishop-Gromov volume comparison, and the splitting result by Cheeger-Gromoll. Actually, also the harmonic mapping theory plays a relevant role in this context. On the other hand, as first pointed out by Gromov, introducing the concept of entropy in theŠvarc-Milnor picture allows one to get crucial information even in the case of negative lower bounds. We are going to use these tools to show that, in general, the existence of a complete Riemannian extension with controlled Ricci curvature is prevented by the too much large growth of the fundamental group of the original (compact) manifold with boundary. Concrete examples will be provided for each theoretical result. As a bypass product we will obtain that, in general, no reasonable Bishop-Gromov type estimates hold for manifolds with bad boundary geometry, as already remarked for instance in [GM] . In particular, these manifolds have no Ricci lower bounds in the sense of the classical singular theory of metric measure spaces.
3.1. Nonexistence of Ric ≥ 0 extensions. Recall that a Riemannian manifold (M, g) with boundary ∂M = ∅ is a length metric space with respect to its intrinsic distance d g . Moreover, if (M, d g ) is metrically complete then it is a proper geodesic space, i.e., closed metric balls are compact and any couple of points is connected by a minimizing geodesic. Consider the universal Riemannian covering P : (M ,g) → (M, g) of (M, g). The Riemannian projection map P gives rise to a metric local isometry (M , dg) → (M, d g ). Indeed, using that P preserves the Riemannian lengths, it is easy to see that the length structure of (M , dg) is obtained precisely by lifting via P the length structure of (M, d g ). Since metric completeness lifts from the base to the covering and conversely, it follows from the Hopf-Rinow theorem that the locally compact length space (M , dg) is in fact a geodesic space if and only if so is (M, d g ).
In the following, we summarize some basic facts from theŠvarc-Milnor theory for geodesic metric spaces endowed with invariant measures. In particular, it applies to complete Riemannian manifolds with (possibly empty) boundary.
Theorem 3.1. Let (X, d) be a proper, geodesic, metric space with finitely generated fundamental group G = π 1 (X). Let the universal covering spacẽ X of X be endowed with the lifted length structured that makes P : (X,d) → (X, d) a metric local isometry. Then:
(a) G acts freely and properly by isometries on (X,d).
(b) Assume thatμ is a regular Borel measure on (X,d) such that the metric balls have positive measure. If G acts by measure preserving isometries on the metric measure space (X,d,μ), then, for any fixed x 0 ∈X, there exist constants α, β > 1 such that
for every R ≫ 1. Here, B G R (1) denotes the metric ball of G with respect to a fixed finite set of generators. (c) If X is compact, then G is finitely generated and, once it is endowed with the word metric w.r.t. a finite set of generators, it is quasiisometric to (X,d). Moreover (7) is completed by the lower estimate
In the setting of Riemannian manifolds without(!) boundary, this result has been sharpened by M. Anderson, [An] , via a clever use of Dirichletdomains of the action. He showed that given a regular covering P : (M ,g) → (M, g) with finitely generated deck transformation group G, if
then G grows at most polynomially of order k − h. Extending this result to more general spaces (including complete manifolds with boundary) seems nontrivial due to the lack (in general) of nice properties of Dirichlet domains.
A direct application of these results yields the next nonexistence criteria.
Theorem F. Let (M, g) be a complete, m-dimensional Riemannian manifold with boundary ∂M = ∅. Its Riemannian universal covering is denoted by (M ,g) . Let G be a finitely generated subgroup of π 1 (M ) such that G grows at least polynomially of order k. Then the following hold.
Proof. (a) Since G acts freely and properly by isometries on (M ,g) we can consider the (quotient) universal covering projection Q :M → N := M/G where π 1 (N ) ≃ G and the smooth manifold N with boundary ∂N = Q(∂M ) is endowed with the complete metric h = Q * g . Now, by contradiction, suppose that the extension (M ′ ,g ′ ) exists. Observe that, having fixed a pointx 0 ∈M , we have the inclusion of intrinsic metric balls BM R (x 0 ) ⊆ BM ′ R (x 0 ) ∩M . It follows from the Bishop-Gromov volume comparison that volBM R (x 0 ) ≤ AR m . On the other hand, according to (7) and recalling that G grows at least polynomially of order m + 1, we have volBM (x 0 ) ≥ BR m+1 for every R ≫ 1. Contradiction.
(b) By contradiction, suppose that (M ′ , g ′ ) is a complete Riemannian extension of (M, g) with Ric M ′ ≥ 0. Using collars we can decompose M ′ as the union A ∪ B where A, B are open sets with the homotopy type of M and M ′ \ M respectively and, moreover, A ∩ B has the homotopy type of ∂M . Since ∂M is simply connected, the Seifert-Van Kampen theorem yields that π 1 (M ′ ) ≃ π 1 (M ) * H for some group H. In particular, π 1 (M ′ ) contains an isomorphic image of the finitely generated group G. This latter acts by isometries on the universal covering space (M ′ ,g ′ ) of (M ′ , g ′ ) and gives rise to the regular Riemannian covering projection Q :
where N ′ =M ′ /G and h ′ = Q * g ′ . Since π 1 (N ′ ) = G is finitely generated and grows at least polynomially of order m + 1, from (7) we know that volBM
As in the previous case, π 1 (M ′ ) contains G as a finitely generated subgroup and G has polynomial growth of order m = dim M ′ . Consider the Riemannian universal covering projection Q : (M ′ ,g ′ ) → (N ′ , h ′ ) where N ′ =M ′ /G. Then, both (M ′ ,g ′ ) and (N ′ , h ′ ) are complete Riemannian manifolds with nonnegative Ricci curvature. Moreover π 1 (N ′ ) ≃ G. We claim that M ′ is compact. Indeed, suppose the contrary. Since G is a subgroup of π 1 (M ′ ), there exists a (possibly not regular) covering projection N ′ → M ′ . Therefore N ′ must be noncompact as well. Fix x 0 ∈M ′ and the corresponding x 0 = Q(x 0 ) ∈ N ′ . By the Calabi-Yau lower volume estimate we have volB N ′ R (x 0 ) ≥ C 1 R for every R ≫ 1 and for some constant C 1 = C 1 (x 0 ) > 0. On the other hand, by Bishop-Gromov,
for every R > 0 and for some dimensional constant C 2 = C 2 (m) > 0. It follows from the Anderson improvement of theŠvarc-Milnor growth estimate that G grows at most polynomially of order m − 1. Contradiction. Therefore M ′ is compact and, hence,M ′ contains a line. It follows from the Cheeger-Gromoll splitting theorem thatM ′ splits isometrically asM ′ × R, contradicting the fact that Ric M ′ > 0 at some point. Remark 3.4. Observe that, by Theorem 3.1 (b), the volume growth of the intrinsic balls of the metrically complete, simply connected Riemannian manifold (M ′ ,g ′ ) with boundary is exponential regardless of the fact that it is a flat manifold. This shows that there is no reasonable volume growth comparison for manifolds with uncontrolled boundary geometry. Similar considerations hold for the next two examples: the Riemannian universal coverings of the compact manifolds we are going to construct are metrically complete manifolds with boundary, with sectional curvature ≥ C > 0 and with polynomial volume growth. In particular, these manifolds are noncompact. with a, b, c ∈ R and let H 3 Z be its natural integral lattice. Then, Z = H 3 R /H 3 Z is a compact 3-dimensional smooth (Nil)manifold. Its fundamental group π 1 (Z) is isomorphic to H 3 Z and, therefore, growths polynomially of order 4; [deH] . By Seifert-Van Kampen, the same growth property holds for the compact manifold with boundary Z \ D, where D ⊂ Z denotes a smooth disk. Now, we construct a 6-dimensional compact manifold by taking the product
therefore ∂M is not simply connected. On the other hand,
has polynomial growth of order 8 > 6 = dim M . According to Lemma 2.6 we endow M with a Riemannian metric g of positive sectional curvature Sect M > 0. By Theorem F (a) we conclude that the universal covering (M ,g) of (M, g) cannot be extended to a complete Riemannian manifold of nonnegative Ricci curvature.
Example 3.6. Let M = Z \ D where Z is the compact (Nil)manifold constructed in the previous example and D is a smooth disk. Endow M with a metric g satisfying Ric M > 0. Since ∂M ≈ S 2 is simply connected and π 1 (M ) ≃ H 3 Z has polymonial growth of order 4, by Theorem F (b) we conclude that (M, g) cannot be extended to a complete Riemannian manifold of non-negative Ricci curvature.
Example 3.7. Let m ≥ 3 and consider the m-dimensional compact manifold M with smooth simply connected boundary ∂M ≈ S m−1 obtained by removing from the "flat" torus R m /Z m a small smooth disk. By the Seifert-Van Kampen theorem, π 1 (M ) ≃ π 1 (R m /Γ) ≃ Z m , therefore π 1 (M ) has polynomial growth of order m. According to Lemma 2.6 we endow M with a metric g of positive sectional curvature Sect M > 0. Then, by (c) of Theorem F, (M, g) cannot be extended to a complete manifold (M ′ , g ′ ) satisfying Ric M ′ ≥ 0.
3.2.
A measure of Ric − of complete extensions. A compact Riemannian manifold M with simply connected boundary ∂M = ∅ and fundamental group isomorphic to the fundamental group of a flat manifold could have no complete extensions with Ric ≥ 0; see Example 3.7. By using some harmonic mapping theoryá la Schoen-Yau, [ES, Har, SY, PRS, PV1] , we can obtain some more precise information on the negative part of the Ricci curvature of any complete Riemannian extension.
Notation 3.8. Given a Schrödinger operator L = −∆ M − a(x) on the Riemannian manifold (M, g) we denote by λ 1 (L) the bottom of its spectrum, i.e.,
Moreover, given a real number δ ∈ R we introduce the modified Schrödinger operator
Finally, we use the notation a − = − min(a, 0) ∈ R ≥0 , for any a ∈ R. We say that the Riemannian manifold (M, g) is δ-stable, δ > 0, with respect to the Schröedinger operator
With this terminology in mind, we state the following somewhat quantitative result.
Theorem G. Let (M, g) be a compact, m ≥ 3-dimensional Riemannian manifold with boundary ∂M = ∅. Assume also that the following topological properties are satisfied:
(a) ∂M is simply connected.
(b) there exists a non-trivial homomorphism ̺ : π 1 (M ) → Γ, where Γ is the fundamental group of a compact Riemannian manifold (N, h) with Sect h ≤ 0.
Consider any geodesically complete, noncompact Riemannian extension (M ′ , g ′ ) of (M, g) and set
The same conclusion holds if we replace the assumption that M ′ is noncompact with the assumption that Ric M ′ > 0 at some point.
As alluded to above, the proof is an easy consequence of the harmonic mapping theory developed in [ES, SY] and of the vanishing theorems from [PRS, PV1] . We sketch the arguments for the sake of completeness.
Proof (of Theorem G). Fix a geodesically complete Riemannian extension (M ′ , g ′ ) of (M, g). Since, by the Cartan-Hadamard theorem, N is aspherical (i.e. its universal covering is contractible), the homomorphism ̺ is induced (up to conjugation) by a continuous map f : M → N and, since ∂M is simply connected, f can be extended by a constant to all of M ′ . If follows from [SY] that there exists a harmonic map u : M ′ → N with finite energy |du| ∈ L 2 (M ′ ) in the homotopy class of f . In particular, u and f induce the same homomorphism between fundamental groups. Now, by contradiction, suppose that Ric M ′ ≥ a(x)g ′ with
Using the vanishing results in [PRS, PV1] we deduce that |du| ≡ const and either a(x) ≡ 0, i.e., Ric M ′ ≥ 0 or u ≡ const. The second possibility cannot occur because, otherwise, the original homomorphism ̺ would be trivial. Therefore Ric M ′ ≥ 0. If we assume that M ′ is non-compact then, by the Calabi-Yau lower volume estimate, we have that vol(M ′ ) = +∞ and, therefore, the constant function |du| cannot be in L 2 (M ′ ). Contradiction. On the other hand, if M ′ is compact and Ric M ′ > 0 at some point, the Weitzenböck formula implies that |du| = 0 and u ≡ const. Again, this is a contradiction.
Example 3.9. Let M be the compact, m ≥ 3-dimensional manifold with simply connected boundary ∂M ≈ S m−1 obtained by removing a smooth small disk D from a compact flat manifold R m /Γ, with Γ a crystallographic group. Suppose that M is endowed with a Riemannian metric g such that Ric M ≥ 0. Since π 1 (M ) ≃ π 1 (R m /Γ) ≃ Γ and N = R m /Γ has a flat metric, we can take the obvious isomorphism ̺ = id : π 1 (M ) → Γ and conclude the validity of the following property: if (M, g) is extended to a gedesically complete Riemannian manifold (M ′ , g ′ ) with Ric M ′ ≥ −a(x), a(x) ≥ 0, and (M ′ , g ′ ) is δ-stable with respect to L = −∆ − a(x), for some δ > m/(m − 1), then M ′ must be a compact, Ricci-flat manifold.
3.3. Nonexistence of Ric ≥ −C 2 extensions. Let (M, g) be a compact Riemannian manifold with (possibly empty) boundary ∂M and let P : (M ,g) → (M, g) be its Riemannian universal covering. The entropy of (M, g) is the number
well defined independently of the choice of the base pointx 0 . Similarly, one introduces a notion of entropy in the class of finitely generated groups in order to measure the degree of exponential growth. Let G be a finitely generated group with finite set of generators S. Then, the entropy of (G, S) is the number
is the metric ball of G with respect to the word metric induced by the set of generators S. Although a change of the finite set of generators produces quasi-isometric distances, the entropy is not a quasi-isometry invariant and, therefore, it makes sense to define the minimal entropy of the group G as
It is a contribution of Gromov to theŠvarc-Milnor theory that the entropy of a compact manifold is related to the minimal entropy of its fundamental group via the diameter of the space. Although the result is originally stated for a compact manifold without boundary, the proof still works even in the presence of a boundary; see [Gro3, Theorem 5.16 ].
Theorem 3.10. Let (M, g) be a compact manifold with (possibly empty) boundary ∂M . Then
Combining Theorem 3.10 with Bishop-Gromov volume comparison we get the following Proposition H. Let (M, g) be a compact, m-dimensional Riemannian manifold with boundary ∂M = ∅. Then, the universal covering (M ,g) has no complete Riemannian extensions (M ′ ,g ′ ) satisfying Ric ≥ −(m − 1)C 2 for any constant
Proof. By contradiction, assume that such an extension (M ′ ,g ′ ) exists. Then, by Bishop-Gromov, having fixedx 0 ∈M ⊂M ′ , and using the fact that
Using this information into Theorem 3.10 we conclude
and this contradicts (8).
Proposition H suggests that, in general, one can not hope to extend a given manifold with boundary preserving a lower Ricci curvature bound. This is the content of the following (class of) examples, which are flexible enough to prove that also lower Sectional curvature bounds can not be preserved.
Of course, the situation is different if some further condition on the boundary is prescribed (see for instance Section 5.1).
Example 3.11. For any real constants K, λ and for any dimension m ≥ 2 there exists an m-dimensional Riemannian manifold with boundary (M, g) with constant sectional curvature Sect
Proof. Clearly, it is enough to give examples when λ < 0. Accordingly, we set λ = −(m − 1)C 2 for some C > 0.
Let N = N (C, K) be a positive integer to be specified later. Define N points
, 0) and define the set
Moreover, let T ′ N be the (1/16N )-neighborhood of S N in R m , more precisely
By approximation, T ′ N can be homotopically deformed to a submanifold
with smooth boundary. Endow B R m 1 with a metric g K of constant curvature K and let (M N =T N , g) be the (noncompact) universal Riemannian covering of (T N , g K | T N ). It is clear by construction that we can suppose that
for some constants δ > 0 depending on K, but independent of N . By construction there is a deformation retraction of T N onto S N . In particular the (equivalence classes of the) loops
(1 + cos(2πt), sin(2πt)) × {0 R m−2 } are a family of generators for Γ = π 1 (T N , 0). Moreover π 1 (T N , 0) is exactly the free group generated by the S = {[γ i ]} N i=1 . As observed by Gromov, [Gro3, Example 5.13] , the minimal entropy of the free group with N generator is given by h(Γ) = h(π 1 (T N )) = log(2N −1). Hence, according to Proposition H, recalling also (9), we get that (M N , g) admits no Riemannian extensions satisfying Ric ≥ −(m − 1)C 2 provided
Remark 3.12. All the fundamental groups of the manifolds T N involved in the previous example have exponential growths. As a matter of fact, for positive lower curvature bounds, similar techniques permit to construct examples given by coverings of manifolds whose fundamental group has polynomial growth. A simple example in this sense is given by the universal covering of the sphere strip {(x, y, z) ∈ R 3 : x 2 + y 2 + z 2 = 1 and z ≤ 1/2} which has sectional curvature 1, but is non-compact and hence it does not admit any extension of positively lower bounded curvature (once again by Bishop-Gromov) . By the way, taking suitable coverings of large enough finite index, also compact examples can be constructed.
Nonexistence of complete extensions with
Recall that a topological space X is said to be k-connected, k ∈ N∪{∞}, if its homotopy groups satisfy π j (X) = 0 for every j = 0, · · · , k. The connected space X is called aspherical if the vanishing condition π j (X) = 0 holds for every j ≥ 2. A classical theorem of J.C. Whitehead implies that, in the setting of CW -complexes, ∞-connected spaces are contractible. Since the universal covering projectionX → X induces isomorphisms π j (X) ≃ π j (X) for every j ≥ 2, then aspherical CW -complexes are characterised by the property that their universal covering spaces are contractible. This equivalence, in particular, holds at the smooth manifold level. It then follows from the Cartan-Hadamard theorem that every complete Riemannian manifold of non-positive curvature must be aspherical. Since every compact manifold with boundary can be endowed with a (complete) metric of negative curvature, we are naturally led to detect a (sufficiently large) class of smooth compact manifolds with boundary that cannot be realized as a domain inside an aspherical manifold.
We propose two criteria of non-extendibility: one is homological (hence, in principle, easier to apply) and requires that the manifold is simply connected. The other one is homotopical and requires that the sufficiently connected boundary can be capped by a contractible space. According to this program, let us begin by pointing out the following simple obstruction result.
Proposition I. Let (M, g) be a complete, m(≥ 4)-dimensional Riemannian manifold with boundary ∂M = ∅. Assume that, for some 2 ≤ k ≤ m − 2, the following topological conditions on M and ∂M are satisfied:
(a) M is simply connected and
) has no complete Riemannian extension (M ′ , g ′ ) without boundary and satisfying Sect M ′ ≤ 0.
Remark 4.1. We stress that ∂M must be non-convex. Otherwise, using some harmonic mapping theory for manifolds with boundary, [Ham] , we would get that the compact, simply connected manifold M of nonpositive curvature is necessarily contractible. Indeed, every element in π k (M ), k ≥ 2, is represented by a harmonic map in its homotopy class. Since (M, g) has non-positive curvature and S k has a metric of positive curvature, standard vanishing results based on the Weitzenböck formula yield that the harmonic map is constant. Whence, we conclude that π j (M ) = 0, for every j ≥ 0 and, hence, M is contractible. More generally, the sectional curvature Sect ∂M of ∂M with respect to the induced metric must satisfy Sect ∂M > 0 at some point where ∂M is non-convex. Otherwise, as observed by Gromov, [Gro2] , and according to the main result in [ABB2] , M has non-positive curvature in the sense of Alexandrov. Hence, the Gromov version of the Cartan-Hadamard theorem applies, [AB2] , proving that once again M is contractible.
Remark 4.2. It would be interesting to obtain homological obstructions to a non-positively curved extension of M when this latter space is non-simply connected (maybe with simply connected boundary). In this respect, recall that by passing to the universal covering does not preserve homology groups.
Proof. By contradiction, suppose that there exists a complete Riemannian
its Riemannian universal covering and consider the Riemannian manifold (M ,g) = (P −1 (M ),g ′ | P −1 (M ) ) with boundary ∂M = P −1 (∂M ). Clearly, (M ′ ,g ′ ) is a complete Riemannian extension of (M ,g) satisfying SectM ′ ≤ 0. In particular, by the Cartan-Hadamard theorem,M ′ is contractible. Now, the restricted map P |M : (M ,g) → (M, g) is still a covering projections and since M is simply connected thenM is a disjoint union of isometric copies of M . We still denote with (M ,g) one of these components. It follows that we can identifyM ≈ M and ∂M ≈ ∂M . Using collars, we decomposeM ′ as the union of open sets A ∪ B, where A has the same homotopy type of M and A ∩ B has the same homotopy type of ∂M . Applying the Mayer-Vietoris sequence
and using the topological assumptions (a), (b) we conclude that there exists an injective homomorphism
This contradicts the fact thatM ′ is contractible.
Example 4.3. Let Z be the m(≥ 4)-dimensional smooth manifold given by
with m i , n i ≥ 2 and r i=1 m i + n i = m. We remove from Z a smooth m-dimensional contractible disk D so to obtain the m-dimensional compact manifold
with smooth boundary ∂M ≃ S m−1 . Next, using Lemma 2.6, we endow M with a Riemannian metric g of negative sectional curvature. We claim that M satisfies the topological assumptions of Proposition I and, hence, (M, g) cannot be extended to a complete Riemannian manifold of nonpositve curvature. This follows from the next observations.
• Take the connected sum Q = M 1 #M 2 with M 1 , M 2 smooth compact manifolds of dimension m ≥ 3. Topologically, Q is obtained from M 1 and M 2 by removing an m-dimensional disk D m from each of these manifolds and identifying their S m−1 -boundaries.
• Applying twice the Seifert-Van Kampen theorem we deduce that both
. Therefore, Q is simply connected provided both M 1 and M 2 are simply connected.
• Similarly, we see that Q \ D m is simply connected provided both M 1 and M 2 are simply connected.
• Using twice the Mayer-Vietoris sequence and that H i (S m−1 ; Z) = 0 for i = 0, m − 1 we deduce, for every k = 2, · · · , m − 2,
• To conclude that M satisfies the assumptions of Proposition I, we combine the previous observations with the Künneth formula in the absence of torsion:
Example 4.4. Another family of examples in dimension m = n + 5 ≥ 8 can be obtained by taking the product
where N 5 is any of the closed simply connected 5-manifolds with H 2 (N 5 ; Z) = 0 constructed by D. Barden in [Ba] , and D 5 is a small 5-disk inside N 5 . Thus, M m is a simply connected, compact manifold with boundary
Using again the Künneth formula, and recalling also that Tor(·, Z) = 0, we see that
and
Therefore, Proposition I applies and gives that M m is not a domain into a complete Riemannian manifold of nonpositive sectional curvature.
Now we consider obstructions of homotopical nature.
Theorem J. Let (M, g) be a complete, m-dimensional Riemannian manifold with boundary ∂M = ∅. Assume that M can be embedded as a domain inside a smooth m-dimensional manifold N without boundary such that:
We shall use the following intuitive fact.
Lemma 4.5. Let N be a connected m-dimensional manifold given by the union of connected m-dimensional manifolds M and B with boundary ∂M = ∂B. Assume that B is (n − 1)-connected and that ∂M = ∂B is (n − 2)-connected, for some n ≥ 3. Then, the inclusion i : M ֒→ N induces iso-
Proof. Choose a triangulation of ∂M = ∂B and extend it to a triangulation of N . In this way, we can consider M, B as CW -subcomplexes of the CWcomplex N and ∂M = ∂B = M ∩ B as a CW subcomplex of both M and B. Let us choose once and for all a point x 0 ∈ B ∩ M and assume this is the base point in all the homotopical considerations that will follow.
From the long exact homotopy sequence of the pair (B, ∂B):
and since ∂B is (n − 2)-connected, we deduce that (B, ∂B) is (n − 1)-connected. Obviously the pair (M, ∂M ) is 0-connected. It follows from the homotopy excision theorem, [Hat, Theorem 4.23] , that the inclusion j : (B, ∂B) ֒→ (N, M ) induces the isomorphisms
and a surjective homomorphism
proving that (N, M ) is (n − 1)-connected. Using this information into the long exact homotopy sequence of the pair (N, M ):
we conclude that the inclusion map i : M ֒→ N induces the isomorphisms
and the surjective homomorphism i ♯ n−1 . This completes the proof of the lemma.
Proof. We take a closed collar neighborhood W ≈ ∂M × [−1, 0] of ∂M in M and we set M 0 = M \ W. Then B 0 = N \ M 0 is contractible because it is a deformation retract of B. It follows that there exists a homotopy
and H(·, 1) = ǫ q , the constant map at q ∈ B. Now, we define a continuous function
Observe that
In particular,F = id on M 0 . With this preparation, and according to Lemma 4.5, we take a representative α : 
According to Lemma 2.6, we endow M with a metric g satisfying Sect M < 0. Therefore, Theorem J applies and gives that (M, g) cannot be extended to a complete Riemannian manifold of non-positive sectional curvature.
Part 3. Existence of complete extensions under curvature conditions
Extending complete manifolds with compact convex boundary
As alluded to in the previous parts of the paper, the presence of a convexity condition on the boundary implies a control on the topology and helps the existence of a complete Riemannian extension where a given curvature bound is preserved. We are going to illustrate this claim by constructing complete Riemannian extensions both under a lower Ricci or scalar curvature bound and with negative sectional curvature.
Recall that, according to our convention, the boundary ∂M = ∅ of (M, g) is (strictly) convex if, with respect to the outward pointing unit normal ν the second fundamental form at each point of ∂M satisfies II ≤ 0 (resp. < 0) in the sense of quadratic forms.
A first natural question to ask is whether an intrinsic convexity of a manifold M with boundary, i.e. (strictly) convexity of its boundary, implies that the manifold (M, g) at hand can be seen as a convex piece of one of its complete extensions (M ′ , g ′ ). In order to answer this question, let us collect here below some extrinsic notions of convexity. It is worthwhile to recall that several other sligthly different notions of convexity can be found in the literature.
Definition 5.1. The complete Riemannian manifold (M, g) with boundary ∂M = ∅ is said to be:
• strongly convex if, for every p, q ∈ M , any geodesic of M connecting p with q is contained in intM with the possible exception of the endpoints.
• domain-strongly-convex if there exists a complete Riemannian extension (M ′ , g ′ ) of M such that M is a strongly convex domain. This means that for every p, q ∈ M , any geodesic of M ′ connecting p with q is contained in intM with the possible exception of the endpoints.
We then have the following implications.
Lemma 5.2. Let (M, g) be a complete Riemannian manifold with compact boundary ∂M = ∅. Then, (a) If ∂M is strictly convex, then M is domain-strongly-convex; (b) If M is domain-strongly-convex, then it is strongly convex.
(c) If M is strongly convex, then ∂M is convex.
Remark 5.3. Some of the reverse implications fail. More precisely: (i) The converse of (a) is not true: M = {(x 1 , . . . , x n ) ∈ R n : x 4 i = 1} is domain-strogly-convex, but ∂M is not strictly convex.
(ii) The converse of (c) is not true: M = [0, 1] × T n−1 is not strongly convex, but ∂M is convex. (iii) We do not know if the converse of (b) holds or not.
Proof. (a) By Corollary B, we can always consider a complete Riemannian extension (N, h) of (M, g) so that Σ 0 = ∂M is a compact embedded hypersurface of N with second fundamental form II with respect to the unit normal ν. For S small enough, the normal exponential map exp ⊥ (sν(x)) is a smooth diffeomorphism on (−S, S) × Σ 0 and, within the normal tubular neighborhood U = exp ⊥ Σ ((−S, S) × Σ 0 ), the s-coordinate represents the smooth, signed distance function from Σ 0 . In particular, because of our choice of ν, we have s(p) < 0 for every p ∈ intM ∩ U . Moreover, the second fundamental form of the parallel hypersurface Σs = {x ∈ U : s(x) =s} is given by II Σs (X, X) = − Hess(s)(X, X), and, up to take a smaller S, II Σs is strictly negative except for the radial direction.
We are going to adapt the construction of [PV2, Theorem 4 .1] so to obtain a complete Riemannian extension (M ′ , g ′ ) of (M, g) such that the signed distance function s : ∂M → R is smooth and strictly convex on M ′ \ intM (except for the radial direction ∇s). To this end, note that on (−S, S) × ∂M = exp ⊥ Σ −1 (U ) the pulled-back metric writes
for some metric h s on ∂M which depends on s. For k > 0, consider the family of metrics j (k) on ∂M defined as
where g ∂M is the Riemannian metric induced by g on ∂M . Consider a smooth partition of unity φ j , φ h ∈ C ∞ ((0, +∞)) such that
and define the metric g ′ on
Note that (M ′ , g ′ ) is a well defined n-dimensional Riemannian manifold. Reasoning as in [PV2] , and adapting Lemma 4.2 therein to this setting, we get that for k large enough the signed distance function s : (−S, +∞)×∂M ⊂ M ′ → R is smooth and Hess(s)(X, X) > 0 whenever X is not parallel to ∇s, whereas Hess(s)(∇s, ∇s) = 0. Now, let x, y ∈ M and let γ : [0, 1] → M ′ be any constant speed geodesic of M ′ connecting x and y. Consider the function f : [0, 1] → R given by
Observe that g ∇s(γ(t) ),γ(t) ; (iv) f ′′ (t) = Hess(s)(γ(t),γ(t)) ≥ 0, and f ′′ (t) > 0 whenever |g(γ(t), ∇s(γ(t)))| < |γ(t)||∇s(γ(t))|.
In particular f (t) ≤ 0 for all t ∈ [0, 1], i.e. γ : [0, 1] → M is also a geodesic of M . Suppose f (t) ≡ 0. In this case g ∇s(γ(0)),γ(0) = 0, which in turn implies f ′′ (0) > 0, giving a contradiction. Then f (t 0 ) < 0 for some t 0 ∈ (0, 1). Since f is convex and f (0), f (1) ≤ 0, then f (t) < 0 for all t ∈ (0, 1).
(b) Suppose by contradiction that there exists a geodesic γ of M touching the boundary in a non-extremal point. Namely, since geodesics are locally minimizing, we can suppose that there exists an ǫ > 0 and a (unit speed) geodesic γ : [−ǫ, ǫ] → M such that γ(0) ∈ ∂M and γ realizes the distance in M between γ(−ǫ) and γ(ǫ). Let M ′ be the extension given by the domainstrong-convexity of M . Letγ :
γ realizes the distance in M ′ between γ(−ǫ) and γ(ǫ).
then γ is not locally minimizing in M , contradicting our assumption. Then L(γ) = L(γ), which means that γ is also a geodesic of M ′ , thus contradicting the domain-strongly-convexity of M . 
is a geodesic of N , hence of M , with endpoints in intM and touching ∂M . Contradiction.
5.1. Existence of complete extensions with Ric > 0. Let (M, g) be a complete Riemannian manifold with compact and strictly convex boundary ∂M = ∅. Assume that Ric M > 0. Using Corollary 2.1, we construct a complete Riemannian extension (M ′ , g ′ ) of (M, g) such that Ric M ′ > 0 and ∂M ′ is still compact and strictly convex. Now, a result by Perelman, [Pe, Wa] , states that the Lip-metric induced by g ′ on the double N = M ′ ∪ id ∂M ′ M ′ can be smoothen out in an arbitrarily small neighborhood of ∂M ′ ⊂ N so to obtain a smooth metric h satisfying Ric h > 0. Clearly, we can always assume that the perturbed neighborhood of ∂M ′ ⊂ N is so small that (N, h) is a Riemannian extension of (M, g). Finally, since the boundary of M ′ is compact, (N, h) is obviously complete. We have thus obtained the validity of the following result.
Theorem K. Let (M, g) be a compact Riemannian manifold with strictly convex boundary ∂M = ∅ and satisfying Ric M > 0. Then, there exists a complete Riemannian extension (N, h) of (M, g) without boundary and satisfying Ric N > 0.
Remark 5.4. A direct application of Theorem K yields a Bonnet-Myers type result for complete manifolds with compact convex boundary and Ricci curvature Ric ≥ k > 0. Actually, using the second variation formula, it is proved in [Li] and [Ge] that a sharp diameter bound can be obtained when Ric ≥ k, k ∈ R, under the assumption that ∂M is compact and strictly mean convex. This is a very interesting boundary effect.
5.2.
Existence of complete extensions with Scal > 0. Since the scalar curvature contains less information than the Ricci or the sectional curvatures, it is natural to expect that Riemannian extensions of manifolds with boundary preserving the positivity of the scalar curvature can be guaranteed under weaker assumptions. In particular, the full strict convexity of ∂M is not necessary, as shown by the following result, due to Gromov and Lawson; see [GL, Theorem 5.7 and Remark 5.8 ].
Theorem L. Let (M, g) be a compact Riemannian manifold with boundary satisfying Scal g > 0. Suppose that ∂M is (strictly) mean-convex, i.e. its mean curvature satisfies H := tr II < 0 at each point of ∂M . Then, there exists a complete Riemannian extension (N, h) of (M, g) without boundary and satisfying Scal g > 0.
As above the extension is constructed on the (differential) double of M . The idea of the proof is to consider a tubular ǫ-neighborood of M in M ′ × (−1, 1), where M ′ is a local extension of M . Using the mean-convexity of the boundary, Gromov and Lawson proved that the (smoothed) surface of this ǫ-neighborhood, endowed with its natural hypersurface metric, still has positive scalar curvature when ǫ is small enough.
5.3. Existence of complete extensions with Sect < C 2 . In this section, using a suitable conformal deformation of a local extension, we prove that manifolds with a a compact convex boundary and a nonnegative upper bound of the sectional curvature admit extensions satisfying the same curvature bound.
Theorem M. Let (M, g) be an m-dimensional complete Riemannian manifold with smooth compact boundary ∂M = ∅. Assume that Sect g < C on M , for some constant C > 0, and that ∂M is strictly convex. Then (M, g) has a complete Riemannian extension (M ′ , g ′ ) without boundary satisfying Sect g ′ < 0.
Proof. By (the proof of) Lemma 5.2, there exists a Riemannian extension (M ′ , h) of (M, g) satisfying the following conditions:
h s being a metric on ∂M which varies with s. (b) The signed distance function s : M ′ → R from ∂M is smooth and strictly convex, except for the radial direction.
For instance we could choose ϕ = e tan(π(s/s * −1/2)) on (0, s * ).
We define the smooth function φ :
and we consider the corresponding conformally deformed metric on M ′ :
We claim that (M ′ , g ′ ) is complete. For integers n ≥ 2, set t n = s * (1 − 1 n ) and consider the smooth, relatively compact exhaustion
We conclude that, for any divergent path γ :
is complete (see also Theorem 1.2). Now, we recall the transformation law of the Riemann tensor under conformal changes of the metric, [Be] :
, where
Here, ∇, Hess and | · | are computed with respect to h. Take any point x ∈ M ′ \ M , consider the vector field W 1 = ∇s at x, and chose a local frame
in the sense of quadratic forms. Accordingly we compute, at x, for all k = 2, . . . , m. Using these inequalities into (11) completes the proof.
Remark 5.5. Observe that, actually, lim sup
Observe also that M ′ \ M has the diffeomorphic type of the cylinder ∂M ′ × (0, +∞). This latter condition, as well as the convexity of the boundary, is intrinsically needed for the construction to work. One may wonder if both the convexity of the boundary and the constraint on the topology of the extended part in Theorem M are really needed in order to get a complete extension with Sect < C, C > 0. Some indications are contained in the next section.
6. Existence of complete extensions with decaying Sect and general topology of the extended part A well known existence result by R. Greene, [Gre] , shows that on every noncompact differentiable manifold, regardless of its topological type, there exists a complete Riemannian metric whose sectional curvature and its derivatives decays to zero at infinity. We are going to use this result to show that a complete manifold with compact boundary can be extended by adding a manifold with (possibly) general topology along which the curvature tensor (and its derivatives) decay to 0. To begin with, we record the original statement by Greene.
Theorem 6.1 (Theorem 1 in [Gre] ). If {K i } ∞ i=1 is a relatively compact exhaustion of a noncompact manifold N , {s i } ∞ i=1 is a sequence of nonnegative integers and {ǫ i } ∞ i=1 a sequence of positive numbers, then there is a complete Riemannian metric h on N whose Riemann tensor R h satisfies
for all nonnegative integers s ≤ s i and for all p ∈K i \ K i−1 , i > 1.
To prove this result, without loss of generality, it is assumed that each ∂K i is a smooth, compact hypersurfaces so that it has a bicollar neighborhood W i ⊂ N of the form ∂K i × (−1/4, 1/4). The manifold N is endowed with a Riemannian metric h 0 which is the product metric on ∂K i × [−1/8, 1/8] ⊂ W i . This can be done using a partition of unity argument that leave unchanged the original metric on any given domain Ω ⋐ K 1 but can introduce a large amount of curvature on K 1 \ Ω and K i \ K i−1 , i ≥ 2. Then, it is performed a stretching of h 0 on eachK i \ K i−1 with a constant large enough depending on i so to obtain a Riemannian metric h 1 with small curvature away from ∂K i . Finally, in product coordinates of W i , h 1 is deformed along the "radial direction" in a neighborhood of ∂K i . All of these deformations are performed by keeping the distance between ∂K i+2 and ∂K i at most 1, for every i. Whence the completeness of the final metric follows trivially.
We point out that, once the metric on the domain Ω is prescribed, the above construction can be carry out without changes in the weaker assumption that K 1 \ Ω andK i \ K i−1 are compact, i ≥ 2.
In view of the above arguments, joint with the fact that a Riemannian metric g on a smooth domain Ω ⊂ N can be always extended slighlty past ∂Ω in N , the validity of following extension result is now clear.
Theorem N. Let (M, g) be an n-dimensional complete Riemannian manifold with smooth compact boundary ∂M = ∅. Let Q be any smooth manifold with boundary ∂Q = ∅ diffeomorphic to ∂M via a selected map η : ∂M → ∂Q and define the smooth manifold M ′ = M ∪ η Q. Then, there exists a complete Riemannian metric g ′ on M ′ such that (M ′ , g ′ ) is a Riemannian extension of (M, g) and, for every s ∈ N,
7. Existence of complete extensions with Ric < C or Scal < C Lohkamp proved in [Lo1, Lo2] that every differentiable manifold with empty boundary admits, for any given C ∈ R, a Riemannian metric g with Ric g < C. In view of this remarkable result, one expects that a lower Ricci curvature bound is less restrictive than other curvature conditions even in the presence of a nontrivial boundary. It turns out that the method used by Lohkamp goes through local deformations of the metric, and can thus be adapted to lower the Ricci curvature of a given Riemannian metric outside a fixed domain. This idea, together with Corollary B, permits in fact to prove the following Theorem O. Let (M, g) be an n-dimensional complete Riemannian manifold with smooth nonempty boundary ∂M . Suppose that Ric g < C, for some real constant C. Then M admits an extension (M ′ , g ′ ) satisfying Ric Ric h (i+1) (X, X) h (i+1) (X, X) − Ric h (i) (X, X) h (i) (X, X) < 0 on f i+1 (B 5 \ B 4 ) −s i+1 e −d i+1 on f i+1 (B 4 \ B 2 ) holds for all s i+1 > 0 and for all nonnull vector X with base point in f i+1 (B 5 \ B 2 ). So we can chose s i+1 large enough to make Ric h (i+1) (X, X) < Ch (i+1) (X, X)
for all X ∈ T p ′ M ′ \ {0} with p ′ ∈ f i+1 (B 4 \ B 2 ), hence p ′ ∈ ∪ i+1 j=1 f j (B 4 \ B 2 ). Thus the limit metric h (∞) satisfies the following properties:
-it is well-defined, since the induction process is locally finite; -it has Ric h (∞) < C by construction; -it is complete because it is obtained by a conformal deformation of a complete metric with a conformal factor greater than 1. This completes the construction of the desired complete Riemannian extension.
Remark 7.1. Theorem E in [Lo1] can be applied directly also in the noncompact case to get a negatively Ricci curved metric, which however could be incomplete.
Remark 7.2. Using Theorem A instead of Corollary B in the proof of Theorem O, one get that for any smooth m-dimensional differentiable manifold Q whose nonempty boundary ∂Q is diffeomorphic to ∂M , there exists a complete Riemannian extension (M ′ , g ′ ) of (M, g) such that Ric g ′ < C and M ′ \ M is diffeomorphic to the interior of Q.
The technique used in the above proof permits to locally lower the Ricci curvature, hence the scalar curvature, of a given manifold. Accordingly, as a bypass of the proof we get also existence of Riemannian extension preserving an upper scalar curvature bound. Note that a-priori the following result is not a direct consequence of Theorem O.
Theorem P. Let (M, g) be an n-dimensional complete Riemannian manifold with smooth nonempty boundary ∂M . Suppose that Scal g < C, for some real constant C. Then M admits an extension (M ′ , g ′ ) satisfying Scal ′ g < C.
